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Generalization of Blocks for D-L attices and L attice-
Ordered Effect Algebras

Zdenka Rietanoval
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We show that every D-lattice (lattice-ordered effect algebra) P is a set-theoretic
union of maximal subsets of mutually compatible elements, called blocks.
Moreover, blocks are sub-D-lattices and sub-effect-algebras of P which are MV-
algebras closed with respect to all suprema and infima existing in P.

1. INTRODUCTION AND BASIC DEFINITIONS

Kopka [11] introduced a new agebraic structure of fuzzy sets, a D-
poset of fuzzy sets. A difference of comparable fuzzy sets is a primary
operation in this structure. Later, Kdpka and Chovanec [13], by transferring
the properties of a difference operation of D-poset of fuzzy setsto an arbitrary
partially ordered set, obtained a new agebraic structure, a D-poset that
generalizes orthoalgebras and MV-algebras (see aso ref. 6).

Definition 1.1. [13] Let (P, =) be a poset with the least element 0 and
the greatest element 1. Let © be a partial binary operation on P such that
b © aisdefined iff a < b. Then (P; =, ©, 0, 1) is caled a difference poset
(D-poset) if the following conditions are satisfied:

(Di) Foranyae Pa© 0= a

(Dii) fa=b=cthencOb=cBaad(c©a S (cOh) =
bo a

Effect algebras (introduced by Foulis and Bennett [5]) are important for
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modeling unsharp measurements in Hilbert space: The set of al effects is
the set of al self-adjoint operators T on a Hilbert space H with0 = T = 1.
In a genera algebraic form an effect algebra is defined as follows:

Definition 1.2. A structure (E; €, 0, 1) is called an effect algebra if 0,
1 aretwo distinguished elementsand & is a partially defined binary operation
on P which satisfies the following conditions for any a, b, ¢ € E:

(E) b a=adbif ad isdefined.

(Eii) (a®b)dc=ad (b®D c)if onesideis defined.
(Eiii) Forevery a e Pthereexistsauniqueb € Psuchthata® b = 1.
(Eiv) If 1 aisdefined, thena = 0.

Later Foulis proved that, if, on a D-poset (P; =, ©, 0, 1) [effect algebra
(P; @, 0, 1)] a partial operation &® (©) is defined by

ad®bisdefinedanda® b =ciffas=candc©Sa=>b

then P becomes an effect algebra (D-poset). On the other hand in ref. 18 it
has been shown that if Q is a subalgebra of an effect algebra (E; &, 0, 1)
(ie, 1 e Qanda b e Qimpliesa® b € Q), then Q need not be a
subalgebra of the D poset (E; ©, 0, 1) derived from the given effect algebra
(ie,a,be Qa=<bh neednotimply b© a e Q).

Definition 1.3. Q C P is a sub-D-poset of a D-poset (P; =, S, 0, 1) [a
sub-effect algebra of an effect algebra (P; &, 0, 1)] iff 1 € Q and from
elementsa, b, c € P such that b © a = ¢ (equivaently b = a® c) at least
twoarein Q, thena, b,c € Q.

In ref. 14 the compatibility of two elements of a D-poset (P; =, ©, 0,
1) was introduced. We say that a, b € P are compatible (a « b) if there
existu,v,w e Psuchthaaa=u®wandb=wdv,andudwd vis
defined. If Pisalattice, then it is caled a D-lattice and then a < b iff (a O b)
© b =a© (alb) [14]. In a D-lattice P for every a, b € P we have a =
(allb) ® (@a© (alb)) and hencea« biff a® (b © (a U b)) exists. The
notion of compatibility of elements of an effect algebra is defined by the
same way.

Lemma 1.4. For elements of a lattice effect algebra (E; &, 0, 1) the
following conditions are satisfied:

(i) Hu=a v="h andaD bisdefined, then u D v is defined.

(i) Ifb@® cisdefined, thena=biffa®c=b®dc

(iii) Ifa®candb D caredefined, then (a® c) O(b® c) = (alb)
@ c.

(ivy a=biffb =16b=160a=2a.
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The proof is l€eft to the reader.

2. BLOCKSIN D-LATTICES AND LATTICE EFFECT
ALGEBRAS

Theorem 2.1. Let (P; =, ©, 0, 1) be aD-latticeand let x, y, z € P be
such that x < zand y « z Then

(i) xOyez

(i) Fx=ythenySxez
(iii) X =19xez

(iv) xOyez

(v) fx=y,thenx®Dye z

Proof. By assumptionsthereexist x® (z© (xJ2) andy D (z© (y 02)).

(i) SincexOzyOz=(xOy)Oz=zweobtainzo (xdy) () =
z6 (x02,zo(yO2,andhence(x® (z© x02) O(y® z© (yUO
7)) =(x® o (xUy)02) U(y® zS (xOy) 02)) = (x0Oy) &
(z© ((x Oy) O2), which impliesthat x Oy < z

(iYIfx=y thenxOz=yOzandx Oz =y Oz It follows that there
existsw € Psuchthat (x02 Gw=yOzandxUOz=x® (z© (x 02)
=ylz=y®(zO(yl2)=(yI2z D (yo (yl2) D (S (yU2),
thus(x 02 D (x© (x02) D (z© x02)=(yO2 S (yS (yO2) D
(zS (yO2),andsincez= (x02 @z x02)=(yO2) D (zS (y
02) weobtanx© (x 02 =y © (yO2. The last implies that there is e
e Psuchthaa x© (x02) ®e=yO (yld2. Weobtany = (x Oz &
wbedxoxD2)ady® (zS(yl2)=x0O2)PwdDed xO
x0O2) & (zS (y O2). These equalities imply that y © x = w & e and
z=wh[(xO2 & (z© (yO2)], since(x 12 & w =y Oz We conclude
thay O xe zsincew® e® [(x 02 D (zO (y 02)] exists.

(iii) Evidently 1 < z and x = 1, which implies by (i) that X’ = 1 ©
Xz

(iv) By (iii) X' @ zand y’ < z which by (i) impliesthat x’ Oy’ < z
and by (iii) x Oy = (X Oy') <z

V) x®Py=16 (X ©y) <« zby conditions (ii) and (iii).

Corollary 2.2. Every maximal subset M of mutually compatible elements
of a D-lattice (P; =, ©, 0, 1) is a sub-D-lattice of P.

Corollary 2.3. Every maximal subset M of mutually compatible elements
of alattice effect algebra (P; &, 0, 1) is a sub-effect-algebra of P.

Definition 2.4. A maximal subset M of mutually compatible elements
of a D-lattice (lattice effect algebra) P is called a block of P.



234 Rietanova

Theorem 2.5. Every D-lattice (lattice effect algebra) P is a set-theoretic
union of its blocks. Every subset A C P of mutually compatible elements is
contained in a block.

Proof. Let @ # A C P be a set of mutually compatible elements of P
and s = {B C P|A C B, Bisaset of mutually compatible elements}. Then
every chan B C A (i.e, for X, Y €¢ B wehave X C Yor Y C X) the set
U%B e 5. By the maximal principle there exists a maximal element M e
A. Moreover, fora € Ptheset A = {0, a &, 1} is mutualy compatible.

3. BLOCKS OF D-LATTICES (LATTICE EFFECT ALGEBRAYS)
AND MV-ALGEBRAS

The notion of an MV-algebra was introduced by Chang [3] for giving
an algebraic structure to the infinite-valued L ukasiewicz propositional logics.
Later, relations of MV-algebras to the theory of linearly ordered groups [4],
fuzzy set theory [1], and functional analysis and lattice-ordered groups [15]
were shown. Recently Kdpka and Chovanec have shown that MV-algebras
are Boolean D-posets which are D-lattices of mutually compatible elements
[13, 14].

In ref. 15 an MV-algebra is defined as follows:

Definition 3.1. An MV-algebra is an algebra (¢4, &, 0 0, 1), where s{
isanonempty set, 0 and 1 are constant elements of o4, & isabinary operation,
and [Jis a unary operation, satisfying the following axioms:

(MVAL) (a®b) = (b® a).

(MVA2) (a®b)dc=ad((bodoc).
(MVA3) a® 0= a

(MVA4) a®1=1

(MVA5) (a*)* = a.

(MVAB) 0O* = 1.

(MVA7) a®a* = 1.

(MVAB) (a* ©by* ®b=(adb*)* Da

The lattice operations [J and U are defined by the formulas

alb=(@ ®b*db and alb= ((a® b*)* & b*)*

We writea < b iff adb = b. The relation = is a partia ordering on «,
and0 =a=1forany a e «. An MV-algebra is a distributive lattice with
respect to the operations 0 and 0. We put



Generalization of Blocks for D-L attices 235

bSa:=(a® b*)* for a=<b, abeP

Then an MV-algebra s becomes a D-lattice, more precisely, a distributive
D-lattice [14].

Conversdly, if (M, =, ©, 0, 1) is a D-lattice of mutually compatible
eementsandweputa* = 160 a,a—b=a© (alb),anda® b= (a* —
b)* for al a, b € M, then (M; b, O 0, 1) is and MV-algebra [14].

Theorem 3.2. Every D-lattice (lattice effect algebra) P is a set-theoretic
union of MV-algebras being blocks of P.

Remark 3.3. It is known that if x O x’ = 1 for every element x of a D-
lattice (P; =, ©, 0, 1), then (P; =, ’, 0, 1) is an orthomodular lattice [13,
9]. Insuch acase blocks of aD-lattice P become maximal Boolean subalgebras
of orthomodular lattice P [9, 16]. Thisis because an MV-algebra M in which
xOx = 1foral x e M is aBoolean algebra.

The notion of a central element of an effect algebra (E; &, 0, 1) was
introduced by Greechie et al. [7]:

Definition 3.3. For an effect algebra (E; @, 0, 1) an element z € E is
called central iff for every x e Ethereexist x Dzand x0Z and x = (x O
2) 0(x OZ). The set C(E) of all central elements of E is called the center
of E.

Remark 3.4. In ref. 17 it has been shown that for a lattice effect algebra
(E;D,0,1) anelement z € Eiscentra iff z[0Z = 0and z«< xfor dl x
E. Inref. 5 an element z € E is caled isotropic iff z & z is defined in E.
We obtain the following statement:

Theorem 3.5. The intersection M(E) of all blocks of a lattice effect
algebra (E; &, 0, 1) is the center of E iff no element of M(E) is isotropic.

4. BLOCKS OF D-LATTICES (LATTICE EFFECT ALGEBRAYS)
ARE CLOSED SETSIN ORDER TOPOLOGY

Recall that for a net (X,)q, Of elements of a poset (P; <) (i.e., a subset
of P indexed by adirected set £) we say that x, order convergesto x e P iff
there exist nets (Uy)acsr (Vo)aes SUCh that u, = x, = v, foradl e and u, 1 X,
V, | X. Here x, 1 x means that ({x,|a € &} = x and Uyy = Uy, forall oy =
ay. The symbol v, | xis dual.

Lemma 4.1. Let (P; =, ©, 0, 1) be aD-poset. Let (Upy)acs: (Vo)acs C P

be netssuch that u, = v, forall e andu, * X, v, | y. Thenx=yandv, ©
U, | YO X
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Proof. For every a, B € ¢ there existsy € ¢ such that o, B = vy and
henceu, = u, = v, = v | y. Itfollowsthat u, = yfor all @ € e and hence
X =y Moreover, U, = x=y=v,0 yoOx=v,O U, Ifz=v, S u, for
dl a,thenz® u, t z& xand zD u, = v, | y. Thelast implies that z P
X =<y, which impliesthat z = y © x. We obtain that y © x = [V, © U,|a
€ &}.

Lemma 4.2. Let (X,)«c: C P be anet of elements of a D-lattice (P; =,
S, 0, 1). If x, © x and x, <y for al o, then x © y.

Proof. Since x, © X, there are nets (Uy)ocer (Vo)aes © P such that u,, 1
X Vy L y,and u, = X, =V, for dl o € e. The assumption x, < y implies
that x, Dy =X, D@ (YOS (X, OV) = u, D (y © (v, OY)). Moreover, x, U
y=v, Uy =y, whichimpliesthat y © (v, 0y) =y © (X, 0y). Evidently,
v, Oyl xOyandy© (v, Oy) 1 y© (xOy). Further, y©S (v, Oy) =16
U, ! 1S xandhencey© (xOy) = 1S x. It follows that x ® (y © (x O
y)) is defined. We conclude that x <> y.

Recdll that a subset F of a poset (P; =) is a closed set in the order
topology 7, on P iff F contains al order limits of order-convergent nets of
elements of F. Thus Lemma 4.2 has the following corollary:

Theorem 4.3. Every block of a D-lattice (P; =, ©, 0, 1) [lattice effect
algebra (P; b, 0, 1)] is a 7,-closed set in order topology 1, on P.

Corollary 4.4. Let M C P be a block of a D-lattice (P; =, ©, 0, 1)
[lattice effect algebra (P; @, 0, 1)] and A C M. Then:

(i) If AexistsinP, then0A € M

(i) If DA existsin P, then A € M.

Proof. Assume that ¢ = {a C Al is finite} and put u, = O, V, =
O for every a e e. If A exists, then u, 1+ A and by Theorem 4.3 we
obtain A e M. If A exists, then v, | [0A and A € M by Theorem 4.3.

ACKNOWLEDGMENT
This research was supported by Grant 1/7625/20 of the MSSR.

REFERENCES

1. Belluce, L. P, Semi-simple and complete MV-algebras, Algebra Universalis29 (1992), 1-9.

2. Birkhoff, G., Lattice Theory, AMS, Providence, Rhode Island, (1967).

3. Chang, C. C., Algebraic analysis of many-valued logics, Trans. Am. Math. Soc. 88
(1958), 467—-490.



Generalization of Blocks for D-L attices 237

11
12.
13.
14.
15.

16.

17.

18.

. Chang, C. C., A new proof of the completeness of the Lukasiewicz axioms, Trans. Am.

Math. Soc. 89 (1959), 74-80.

. Foulis, D. J., and Bennett, M. K., Effect algebras and unsharp quantum logics, Found.

Phys. 24 (1994), 1331-1352.

. Giuntini, R., and Greuling, H., Toward a formal language for unsharp properties, Found.

Phys. 20 (1989), 931-945.

. Greechig, R. J.,, Foulis, D., and Pulmannova, S., The center of an effect algebra, Order 12

(1995), 91-106.

. Jakubik, J., On complete MV-agebras, Czech. Math. J. 45 (1995), 473—-480.
. Kalmbach, G., Orthomodular Lattices, Academic Press, London, (1983).
. Kalmbach, G., and Rie€anova, Z., An axiomatization for Abelian relative inverses, Demon-

stratio Math. 27 (1994), 769—-780.

Kodpka, F., D-posets of fuzzy sets, Tatra Mt. Math. Publ. 1 (1992), 83-87.

Kdpka, F., On compatibility in D-posets, Int. J. Theor. Phys. 8 (1995), 1525—-1531.
Kopka, F., and Chovanec, F., D-posets, Math. Sovaca 44 (1994), 21-34.

Kodpka, F., and Chovanec, F., Boolean D-posets, Tatra Mt. Math. Publ. 10 (1997), 183-197.
Mundici, D., Interpretation of AFC*-algebras in Lukasiewicz sentential calculus, J. Funct.
Anal. 65 (1986), 15-65.

Ptak, P, and Pulmannova, S., Orthomodular Sructures as Quantum Logics, Kluwer Aca-
demic, Boston, (1991).

Rietanova, Z., Compatibility and central elements in effect algebras, Tatra M. Math. Publ.
16 (1999), 1-8.

RieCanova, Z., Subalgebras, intervals and central elements of generalized effect algebras,
Int. J. Theor. Phys. 38 (1999), 3209—-3220.



